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Darboux Transformations and
Supersymmetrization Procedures

N. Debergh!? and C. Gottil

Received April 2, 1996

We discuss the Darboux transformations—or, in an equivalent way, the
factorization method-—in connection with two procedures of supersymmetrization
available in two- and three-dimensional spaces, namely the standard and the
spin—orbit coupling procedures.

1. INTRODUCTION

Since Darboux’s contribution (Darboux, 1882), the construction of solu-
tions of the Sturm—Liouville equation

—Y T U@ = Np (1.1)
where U, stands for the derivative of ¢ with respect to x, has been well
known. Indeed, if i, is a particular solution of (1.1) (corresponding to the
eigenvalue \;), it is easy to convince oneself that the function
W, )

o
given in terms of the usual Wronskian determinant, is a solution of (1.1),
where the function u(x) has been replaced by

upy(x) = u(x) — 2(In {sy)y (1.3)

In other words, Darboux’s theorem declares that the Sturm—Liouville equation
is invariant under the transformations § — {;; and u — upy;.

Yy = Wby, ¥) = Uil — U1 (1.2)
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Equation (1.1) plays a prominent role in quantum mechanics: it is nothing
else but the time-independent Schrodinger equation, while ¥, 2u, and 1\ are
the wavefunction, the potential, and the energy, respectively. In that context,
the Darboux transformations (1.2) and (1.3) have been exploited in the equiva-
lent form

B™H = H[”B_ (14)

called the factorization method (Schrédinger, 1940). In (1.4) we have intro-
duced the operators

1d* 1
H= -2 4+2 :
> ) u (1.5a)
1d> 1
Hn] = _‘i ) + ‘i‘ u“] (I.Sb)

and
B = (L - nw)=—=Gp— () (150
ﬁ dx 1/x \/E p 1)x -
‘Such developments have been reconsidered in the recent literature (Mat-
veev and Salle, 1991) because of their connection with supersymmetric quan-

tum mechanics (Witten, 1981). In fact, one can see that the Witten superalgebra
characterized by the anticommutation relations

(0,0} =0, {Q, Q") =Hss (1.6a)
and the commutation relation [equivalent to (1.4)]

[Hss, Q1 = 0 (1.6b)
where Hgs is the (self-adjoint) supersymmetric Hamiltonian, can be real-
ized with

H 0 {0 O
HSS - (0 H[H), Q - (B- 0) (17)
if
u = [(n Y),? + (In )y, (1.8a)
Uy = [(In ‘Ill)x]z = (In )y, (1.8b)

In these supersymmetric developments, the function (In vs,) is usually referred
to as the superpotential (Witten, 1981).
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Let us finally mention that the generalization of (1.4) to the (physically
interesting) contexts of two and three space dimensions has already been
achieved (Andrianov et al., 1984, 1985), but without any connection to a
specific procedure of supersymmetrization. The purpose of this paper is thus
to relate the results of Andrianov et al. (1984, 1985) to such a procedure,
i.e., the standard procedure (Witten, 1981), and to extend these results to
another possible procedure, i.e., the spin—orbit coupling procedure (Balan-
tekin, 1985; Beckers et al., 1987). As we will show, in the three-dimensional
case, the latter is much more interesting, physically speaking, because it
includes (in contrast to the standard one) the concept of “antiparticles”
(Moshinsky et al., 1990).

In Section 2 we discuss the Andrianov et al. results in the context of
two space dimensions, relate them to the standard procedure, and extend
them to the case of the spin—orbit coupling procedure. A similar analysis is
introduced in Section 3 for the context of three space dimensions and the
differences between the two procedures are discussed.

2. THE CONTEXT OF TWO SPACE DIMENSIONS

If, by analogy with (1.5¢), we introduce the operators

B = plip = (). 1= 1.2 @1
we can, after Andrianov et al. (1984, 1985), generalize the condition (1.4) as
By H = HyjjjBn (2.2a)
and
HpCr = C Hyuyms Lm=1,2 (2.2b)
if
Cr = e€,B, (2.3)

where € stands for the (antisymmetric) Levi-Cevita pseudotensor and the
sum on repeated indices is understood.

In a parallel way to the one-dimensional case, we can rewrite the relations
(2.2) in a matricial form (1.6b) with the identifications

Hss = Hey ;) + Hyymiima + Hpjess 2.4)
Q = Biey, + Cregm (2.5)

The notation e, ; refers to (4 by 4 in this case) matrices containing zeros
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everywhere except unity at the intersection of the kth row and the /th column.
In order to satisfy all the Witten requirements, we also have to require the
anticommutators (1.6a), i.e.,

[Bi,B;1=0 (2.6)
and
H = BB/ (2.7a)
Hpym = HYy, + [Br, By (2.7b)
Hp = Bi B (2.7¢)

The condition (2.6), which in terms of the superpotential is
(ll’l ¢l)x(x2 =0 (28)

is automatically obeyed for central problems including the harmonic oscillator
interaction, which corresponds to

In g, = % o 2.9)

where w is the angular frequency of that oscillator. In this case, the supersym-
metric Hamiltonian (2.4) is simply
1 1
Hgss = EP:2 + 3 o] + wle — esq) (2.10)
and we can thus conclude that the Andrianov ef al. constraints (2.2) are
typical of the standard (Witten, 1981) supersymmetrization procedure.
As is well known (Balantekin, 1985; Beckers et al., 1987), there exists
another procedure leading to another possible supersymmetric oscillator asso-
ciated with the 2 by 2 matrix

L

HR = 2P + %mlez + wle — exp) + oL, (2.11)

The introduction of the third component of the angular momentum is a
specific feature of this procedure, which is called the spin—orbit coupling
procedure. The corresponding Q is given by

0 = (By + iB3)ey, 2.12)
and it is straightforward to rewrite the commutator (1.6b) in the form

(By + iB;)HSC = HfQ(BT + iBy) (2.13)
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analogous to (1.4) if
Hgg = Hsoem + H[Sf])ez,z

= (B — iB})(By + iBy)ei, + (B + iB)(Bi — iBY)es, (2.14)

We can thus conclude that the Darboux transformations also hold for this
spin—orbit coupling procedure.

Another way to confirm this conclusion is to try to insert the spin—orbit
coupling features inside the standard ones. For this aim, we propose the
following identifications:

H=H, Hy=HQ (2.15)
Di =D; = % (B + iB3) (2.16)

Then, if we consider the operators (2.5) where we have replaced [also in
(2.2) and (2.3)] the B; by the D; defined in (2.16), we satisfy the conditions
(2.2) with

Hyy = Hype = (D1, DT} (2.17a)
and

Hyy, = Hpypy = [Dy, DY) (2.17b)

Consequently, we confirm the previous conclusion. Moreover, when the oscil-
lator interaction (2.9) is under study, the operators (2.17) lead to [see (2.4)]

1 1
Hss = 5 p} + 5 03 + alers — €23 — €52~ ea) + ol (2.18)
When the unitary transformation
U=¢e,;+te +—1-(e — €33 — €35 — €33) (2.19)
1,1 4,4 ﬁ 2,2 23 32 3.3 .

is applied to this Hamiltonian (2.18), it becomes

where I, is the identity operator in the two-dimensional space, and the inclu-
sion of the spin—orbit coupling case in the standard one is particularly clear.
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3. THE CONTEXT OF THREE SPACE DIMENSIONS

The operators B;” we consider now are still defined by (2.1) up to the
fact that the index [/ runs from 1 to 3. The relations (2.2) when extended to
a three-dimensional space are '

By H = Hjyym B (3.1a)

HiuCrom = Cit Hityin (3.1b)

Hp) B = B, Hpym (3.1¢)

Cin = €umBr, klm=1,273 (3.2)

If we put the conditions (3.1) in a matricial form (1.6b), we are led to
Hgs = Hey ;) + Hpymerima + Hpymerama + Hppegs (3.3)

0 = By (en1) — €s1a) + Cinmiass (B34

Once again, in order to complete the supersymmetric requirements, we have
to add

(B ,B1=0 3.5)
and
H = B{'Bf (3.6a)
Hyym = By By, + CiiCoyi (3.6b)
Hpym = BB, + CiCry (3.6¢)
Hpy) = By Bf (3.6d)

The dimension of the (8 by 8) matrices and the particular context of the
oscillator interaction (2.9) imply that

1 1 ®
Hgs = ‘2‘P12 + 3 ox} + 5 (Bey + e t 33t ey —ess  (37)

— €66 — €77 — 3egyp)
and this leads us to the conclusion that these conditions (3.1) are actually
relevant to the standard procedure (Witten, 1981).
The spin—orbit coupling version of (3.7) is (Balantekin, 1985; Beckers
et al., 1987)

1 i 3w
HE = EP!Z + 3 o’} + X (e11 + €35 — €33 — e44) (3.9

+ oL-0) Q (e, — €22)
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and we deal with 4 by 4 matrices only (the ¢’s are the usual Pauli matrices).
The associated generator Q is

Q = BI_O'[ X €21 (39)
and implies the relations

By HSP + (B — iB;)HS? = Hi9 By + HiQi(By + iBy) (3.10a)

By H{? + (Bl iBy )sz = [1]11(31 iB7) — H{$12B5 (3.10b)
By + iBz_)H‘T' — ByH3® = H{%(Br — iB5) — H{%» By (3.10d)

as generalizations of (1.4) in the spin—orbit coupling context if
Hgg = Hﬁgea,ﬁ ® €11 + H[Sl(])uﬁea,B ® €22, Q, B = 1, 2 (311)

However, despite of the fact that the spin—orbit coupling procedure can
be associated with extended Darboux transformations [see equation (3.10)]
in this three-dimensional context, it is not possible here to insert this spin—orbit
coupling procedure inside the standard one, in contrast to the two-dimensional
results (2.15) and (2.20). Indeed, let us suppose that B3 vanishes. From (3.8)
and (2.14), it is clear that this Hamiltonian (3.8) is in fact the direct sum of
(2.14): (HS® = HSP, Hf} = Hi}») and a similar operator to (2.14), but
where ® has been replaced by —o (H3S, = H3?, H{} -, = H{\): this is
the impact (Moshinsky et al., 1990) of the “antiparticle” and it is in complete
agreement with the fact that the spin—orbit coupling procedure is related to
(relativistic) Dirac Hamiltonians (Beckers and Debergh, 1990) [the operator
(3.9) coincides with the Dirac Hamiltonian if the mass term is omitted]. So,
by exploiting the connection (2.15), we can try to insert the Hamiltonian
(3.8) in the Hamiltonian (3.3), where the operators B;” will be replaced by
D = (2.16) or whatever. Thus, we propose the identification [analogous
to (2.15)]

H = H3?, Hpps = H3, Hpps = HiG, Hp3 = Hiu
(3.12)

Moreover, the corresponding Q is now

Q=D;(e;; + €31 — €2+ e73) + D[ '(esq — €64 — €35 — €36)
(3.13)

where [compare with (2.16)]

D' = —=(By — iBy) (3.14)

f
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The operator (3.13) cannot be identified with (3.4) (D;’ evidently being
different from D;” when an interaction is introduced) and consequently we
cannot insert the spin—orbit coupling procedure inside the standard one due
to the presence of the operators (3.14) (it is a fortiori true when B3 is not
vanishing). In other words, the concept of “antiparticles” is present in the
spin—orbit coupling procedure, but cannot be recovered in the standard
procedure.

ACKNOWLEDGMENT

We cordially thank Prof. J. Beckers for a careful reading of the
manuscript.

REFERENCES

Andrianov, A. A., Borisov, N. V., Eides, M. 1., and Ioffe, M. V. (1984). Physics Letters A, 105, 19.

Andrianov, A. A., Borisov, N. V., and loffe, M. V. (1985). Physics Letters A, 109, 143,

Balantekin, A. B. (1985). Annals of Physics, 164, 277.

Beckers, J., and Debergh, N. (1990). Physical Review D, 42, 1255.

Beckers, J., Dehin, D., and Hussin, V. (1987). Journal of Physics A, 20, 1137.

Darboux, G. (1882). Comptes Rendus de I’Académie des Sciences, 94, 1456.

Matveev, V. B, and Salle, M. A. (1991). Darboux Transformations and Solitons, Springer-
Verlag, Berlin, and references therein.

Moshinsky, M., Loyola, G., and Szczepaniak, A. (1990). The two-body Dirac oscillator, in J.
J. Giambiagi Festschrift, H. Falomir et al., eds., World Scientific, Singapore, pp. 324-349.

Schrodinger, E. (1940). Proceedings of the Royal Irish Academy, 46A, 9, 183.

Witten, E. (1981). Nuclear Physics B, 188, 513.



